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Dielectric and elastic properties of liquid crystals
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The structural properties, the static and relaxation dielectric coefficients@e j and e j (v) ( j 5i ,')], the
rotational diffusion constantsD' andD i , the orientational correlation timest i0

1 ( i 50,1), and the bulk elastic
constantsKi ( i 51,2,3) are investigated for polar liquid crystals, such as 4-n-pentyl-48-cyanobiphenyl~5CB!.
e j are calculated by a combination of the existing molecular theory and statistical-mechanical approach~SMA!
that takes into account translational and orientational correlations as well as their coupling, wherease j (v) are
calculated by combining SMA and nuclear magnetic resonance relaxation theory, both based on a rotational
diffusion model in which the reorientation of an individual molecule is assumed as stochastic Brownian motion
in a potential of mean torque. Reasonable agreement between the calculated and experimental values ofe j and
e j (v) for 5CB is obtained. The bulk Frank elastic constantsKi ( i 51,2,3), for splay, twist, and bend distortion
modes, as well as their ratiosK3 /K1 andK2 /K1 are also obtained.
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I. INTRODUCTION

The problem of predicting physical properties of liqu
crystalline compounds based upon information on molec
shape and intermolecular interactions remains one of
most fundamental problems in liquid crystals~LCs! physics.
In recent years, the Gay-Berne~GB! model @1# has been
frequently used for describing interactions between an
tropic molecules. Since the molecules that form the LC s
tem often possess strong polar groups, the dipolar GB po
tial @2–6# with an axial dipole at the center or near the end
the molecule is more appropriate for the description of s
systems. In the case of polar LCs, such asn-cyanobiphenyls,
the angle between the para axis and the long molecular
is small, and this leads to a large axial value of dipole m
ment, for example;5D for 4-n-pentyl-48- cyanobiphenyl
~5CB!. Among the most important properties of such co
pounds, the dielectric coefficients and Frank elastic const
play a crucial role in several applications such as twist
nematic displays@7#. The reason why many reports are st
concerned with the dielectric and elastic coefficients of w
known materials like 5CB is that their measurements
nontrivial @8–13#. Other reasons for choosing 5CB amo
the other cyanobiphenyls are its convenient tempera
range for the nematic liquid crystalline phase, namely, fr
295.6 to 305.2 K, and its nearly uniaxial molecular symm
try @10#. In particular, several nuclear magnetic resona
~NMR! investigations of the orientational order, molecu
structure, and dynamical processes have been repo
@14,15#, and therefore a large data set is available for co
parison with results from the theoretical routes. In additi
the explosive development of computer power has mad
possible to investigate the 5CB molecule using deta
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atom-atom interaction potentials@16–18#. In order to eluci-
date the role of intermolecular dipole-dipole correlations
the calculations of the static dielectric permittivity in th
nematic phase of 5CB, we use the molecular model in wh
these correlations are treated explicitly. The statistic
mechanical theory based upon the method of conditional
tribution functions@5,6,19# has been applied to calculation
of the nearest-neighbor~NN! and the next NN correlators a
well as order parameters. The method takes into acco
translational and orientational correlations as well as th
coupling. Using a dipolar GB potential, calculations ha
been carried out in the framework of the molecular mo
that provides relationship between the static dielectric co
ficients and the pair orientational correlators for the neig
bors @20#.

Dielectric relaxation in the nematic LCs is usually inte
preted in the context of the rotational diffusion model@21#,
i.e., a stochastic Brownian process for molecular reorien
tions is used in which each molecule moves in time a
sequence of small angular steps caused by collisions with
surrounding molecules and under the influence of a poten
of mean torque set up by these molecules. Each molecu
characterized by a rotational diffusion tensor whose princi
elements (Dxx5Dyy5D' ,Dzz5D i) are determined in a
frame fixed on the molecule. NMR measurements of quad
polar splittings, and deuteron Zeeman (T1Z) and quadrupolar
(T1Q) spin-lattice relaxation times in LCs allow the determ
nation of these principal elements and order parameters
function of temperature@22#. Using these results togethe
with data for static dielectric permittivity, the complex d
electric permittivity of realistic mesogenic molecules, su
as 5CB, can be studied in the nematic phase.

In addition, we have investigated the Frank elastic co
stants~ECs! of 5CB. Clearly, the ECs being material prope
ties, reflect the underlying microscopic interactions and c
relations. Therefore, these studies should lead to a gre
insight about parameters that influence the structure of n
atic phases. There are several microscopic theories for
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ECsKi ( i 51,2,3) @5,23–29# in which these coefficients ar
related to structural quantities such as the single-particle
entational distribution function, and the direct correlati
function ~DCF! of a nematic system. The central difficulty o
these theories is the calculation of the DCF in the nem
phase. Recently, calculations of the ratioKi /K̄ @K̄5 1

3 (K1
1K21K3)# in the framework of the statistical mechanic
approach@5# have been reported. Here we extend our inv
tigations and perform calculations of the absolute values
bulk Frank elastic constants for a dipolar GB fluid.

It should be pointed out that in practice it is difficult t
measure the absolute values of these elastic constants@11–
13#. Thus, we hope that our theoretical route will be use
for the estimation of the absolute values of the Frank ela
constants. The paper is organized as follows. A brief desc
tion of the statistical—mechanical treatment and the num
cal solution of the resulting nonlinear integral equations
given in Sec. II. The formulas for the static and relaxati
dielectric permittivities are given in Sec. III and Sec. I
respectively. The statistical-mechanical approach and
merical calculations for the Frank elastic constants are gi
in Sec. V. Conclusions are made in Sec. VI.

II. STATISTICAL-MECHANICAL TREATMENT

We consider here a classical one-component fluid, c
sisting of cylindrically symmetric particles; letqi denote
their center-of-mass coordinates, andei denote unit vectors
defining their orientations; in the following the collectiv
symboli[(qi ,ei) will be used. Particles can be identified,
a certain approximation, as prolate ellipsoids of revoluti
each with major semiaxiss i and minor semiaxiss' , respec-
tively @1#. One considersN such particles occupying a vo
ume V at the temperatureT, and can ideally subdivide th
total volume intoN cells, each with volumev5V/N, in a
simple-cubic lattice. The treatment used here further assu
that each cell is occupied by one and only one particle;
seems reasonable for a condensed system. Particles a
sumed to interact via a pairwise additive potentialF( i j ), so
that the total interaction energy for theN particles isU
5( i , jF( i j ). The quantity exp(2U/kBT) is the canonical
probability density. Upon integrating the coordinates of
maining particles, one can define single-particle probabi
densitiesFi( i ), two-particle probability densitiesFi j ( i j ),
and so on@5,6,19,30#. The infinite hierarchy is truncated her
at the two-particle level. By partitioning the space mention
above,Fi( i ) is the probability density for a single particl
confined inside a cell of volumev, and Fi j ( i j ) is a joint
probability density for two particles confined in two differe
cells. The above-mentioned functions can also be written
terms of mean-force potentials~MFPs! following the ap-
proach outlined in@5,6,19,30#. In terms of the MFPsc i , j ( i ),
these functions can be written as

F j~ j !5
c j~ j !

* jd~ j !c j~ j !
, ~1!

Fi j ~ i j !5Fi~ i !F j~ j !V~ i j !c i , j~ i !21c j ,i~ j !21. ~2!
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c j~ j !5)
iÞ j

c j ,i~ j !,E
j
d~ j !5E

w
dqjdej ,

w5v ^ a,

and

V~ i j !5 expF2
F~ i j !

kBT G ,
wherea denotes the volume associated with orientations
Eqs.~1! and ~2!, ) j Þ i runs over all neighbors of celli. The
subscripts before the comma correspond to the MFP de
dence on the coordinates of particles; the subscripts afte
comma correspond to the average states. In the following
take into account only pair correlations between cells.
should be pointed out that the last three factors in Eq.~2!
reflect correlations between cells, that distinguish the pres
approach from mean-field approximations. The singlet fu
tion Fi( i ) automatically satisfies the normalization conditio
* id( i )Fi( i )51. Using the relation between singlet and b
nary functions @5,30# Fi( i )5* jd( j )Fi j ( i j ), that follows
from their definitions, one obtains a closed system of non
ear integral equations~IEs! involving MFPs@5,6,30#

c i , j~ i !5E
j
d~ j !V~ i j !c j ,i

21~ j !F j~ j !. ~3!

After solving Eq.~3!, one can compute a number of correl
tors of a liquid crystalline system, expressed in terms of o
and two-particle functions

P̄2L5^P2L~cos b!&5E
i
d~ i !Fi~ i !P2L~cosb!, ~4!

^ei•ej&5E
i
d~ i !E

j
d~ j !Fi j ~ i j !ei•ej , ~5!

k̄5 K P2~cosb!cos
2pz

d L 5E
i
d~ i !Fi~ i !P2~cosb!cos

2pz

d
,

~6!

as well as the Helmholtz free energy

f 5
F

N
52kBT lnE

i
c i~ i !d~ i !. ~7!

Here P̄2L is the even order parameters,P2L denote the Leg-
endre polynomials,b is the polar angle, i.e., the angle b
tween the long axis of the molecule and the director,
latter taken to coincide with the cellz axis, andd is the layer
spacing of the Smectic-A~SmA) phase. The coupling orde
parameterk̄ is a measure of the amplitude of the dens
wave describing the layered structure in the Sm-A phase.
The nematic phase is characterized byk̄50 and P̄2LÞ0
@10#.
1-2
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DIELECTRIC AND ELASTIC PROPERTIES OF LIQUID . . . PHYSICAL REVIEW E64 031701
Except for linear problems, solving a five-dimension
problem, Eq.~3!, is very complicated, and there is no goo
general method for systems of more than one nonlinear e
tion. The solutionc i , j ( i ) is invariably obtained by a numeri
cal iterative procedure, using the formula

cm[k11]~Pi !5$cm[k]~Pi !L̂cm[k]~Pi !%
1/2, ~8!

or

cm[k11]~Pi !5$cm[k]~Pi !1L̂cm[k]~Pi !%/2, ~9!

for m51,2, . . . ,l . Here L̂, i L̂i<1 is the five-dimensiona
nonlinear integral operator defined by Eq.~3! in the spacew,
andPi is a five-dimensional vector in the same space,k is the
iteration number, andl is the number of neighbors. The a
gorithms, Eqs.~8! and~9!, were implemented as follows: th
initial approximation was to setc i , j

m[0] as constant; the inte
grals in the right-hand side of Eqs.~8! or ~9! were calculated
by the Sobol’s method@31#, using the Haar functions fo
calculating multidimensional integrals

E
0

1

dx1 . . . E
0

1

dxnf ~x1 ,x2 , . . . ,xn!'~1/M ! (
a51

M

f ~Pa!.

~10!

Here the pointsPa are uniformly distributed~mod 1! in the
n-dimensional unit cube. These points belong to aLPt se-
quence@31#, and were obtained by means of anLPt genera-
tor @32#; M is the number of points, and the precision of t
calculation is R;O(M 21 lnn M) versus ;O(1/AM ) for
Monte Carlo integration. Calculations were carried out us
M5103, corresponding to 106 points for a Monte Carlo in-
tegration of comparable accuracy. This has been achie
becauseLPt sequences possess a more uniformly distribu
set ofM points in the five-dimensional unit hypercube th
independent random sequences. The iterative procedure
repeated for various neighbors of thei th cell; in order to
keep the treatment numerically tractable, we took the tr
cating of the interaction potential at second-nearest ne
bors. The convergence criterion d5uc [k11](Pi)
2c [k] (Pi)u/uc [k] (Pi)u for the iterative procedures, Eqs.~8!
and ~9!, was chosen equal to 1024. Two points should be
noted. First, in the present calculation we considered on
simple-cubic structure, with six-nearest neighbors and
next-nearest neighbors; this implies that we deal with a s
tem of 18 nonlinear equations in a five-dimensional spa
We are aware of the fact that the correlations are str
beyond the next-nearest neighbors in view of the long-ra
nature of dipolar term in the dipolar GB fluid; the comput
tions become, however, very heavy and suffer, in additi
from numerical instabilities. The second point concerns
convergence of the iterative procedure; the algorithm E
~8! and ~9! exhibit a poor convergence in the vicinity o
N-Sm2A phase transition point, because the functionc i , j ( i )
is not a smoothly varying one. Taking these points into
count, we restrict the present paper to investigations of
nematic phase with interactions from only first- and seco
nearest neighbors.
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The kernel ofV( i , j ) integral equations in Eq.~3! is de-
termined by the pair interaction potential; this was chosen
be the sum of a Gay-Berne and dipole-dipole interaction

F~ i j !5FGB~ i j !1Fdd~ i j !.

The GB term FGB( i j )54e0e(R2122R26), where R
5(qi j 2s1s')/s' , qi j 5uqi2qj u, is defined by a Lennard
Jones (12-6) potential@1#, with ranges and strengthe that
depend on the relative orientation of the particlesei andej ,
the orientations of the particles with respect to the interm
lecular vector between their center-of-mass positionsei j
5qi j /uqi j u, the molecular anisotropy parameterg5s i /s'

that controls the length-to-breadth ratio of the repulsive co
and another set of parameters, which can be used to a
the ratio between end-to-end and side-by-side well dep
denoted byee /es , and the exponent parametersn and m,
which are included ine5e1

n(ei ,ej )e2
m(ei j ,ei ,ej ). The dipolar

term is defined byFdd( i j )5(D2/qi j
3 )$ei•ej23ei j •eiei j •ej%,

whereD is the magnitude of the molecular dipole mome
In the case of polar LCs, such as 5CB, the dipole mom
(D;5D @33,34#! is directed from the polar head to the h
drophobic tail of the molecule. Simulation studies ha
shown that the dipolar GB pair potential provides a use
model for the interactions between real mesogenic m
ecules. However, the variety of parameterizations that h
been used in@1–5# yields very different potential forms
Whereas a value fors i /s' of 3 is reasonable for 5CB mol
ecules (s i'1.8 nm,s''0.59 nm!, it is not known to what
extent the values used for the other parameters are appr
ate. In an attempt to answer this question, we have ado
the potential for 5CB with parametersn52, m50.98, and
ee /es50.245. It should also be pointed out that for the co
vergence of the iterative procedure, the algorithm Eqs.~8!
and ~9! is very sensitive to the choice of both paramete
ee /es andm, which vary the value of the well depth.

Our calculations have employed the units of distances'

50.59 nm and energye052.07310221 J. Thus, the reduced
units for number densityr5Ns'

3 /V'0.512, temperatureu
5kBT/e0, dipole momentm* 5D/(e0s'

3 )1/2'2.5, and an-
isotropy parameterg53 were used. The orientational orde
of LCs is traditionally quantified in terms of order param
eters. Comparing for 5CB at temperatureT5300 K the P̄2

andP̄4 values obtained from the integral equations appro
~i!, P̄2 and P̄4 obtained from the molecular dynamics~MD!
simulation of 5CB@29# ~ii !, which were carried out using th
conventional potential energy function composed of int
and intermolecular contributions@17,18,29#, and experimen-
tal data derived from polarized laser Raman scattering~iii !
@35# shows the following results:~i! P̄250.789; P̄450.38,
~ii ! P̄250.504; P̄450.188,~iii ! P̄250.61; P̄450.15, respec-
tively. Both the IEs method and MD simulation use the sa
value of D. It should be pointed out that the values of th
order parameters calculated in the framework of MD sim
lation using various degrees of approximation in the inter
tion models@17,18,29# and different definitions of molecula
coordinate systems lead to widely differentP̄2 andP̄4 values
1-3
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A. V. ZAKHAROV AND RONALD Y. DONG PHYSICAL REVIEW E 64 031701
( P̄2P@0.505,0.72#; P̄4P@0.18,0.31# @17#!. Interpretation of
experimental results is also dependent on the selectio
molecular frame@35#. Based on these facts, such deviatio
among the three cases are not surprising. For all temp
tures, values of the coupling order parameterk̄ were found to
be k̄59.531022, confirming the nematic character of th
phase. Because we found a small change in the values o
Helmholtz free energy from215.55~nearest neighbors! to
215.67 ~nearest and next-nearest neighbors!, the restriction
in taking only first and second neighbors into account
pears quite reasonable. In the previous paper, a compa
of the theory, that takes into account only nearest and n
nearest neighbors, with the Monte Carlo simulations for
same pair potential shows a quantitative agreement@5#. It
should be pointed out that in the Monte Carlo simulatio
@36# of the dipolar GB system the cut-off radiusr c51.4s'

was comparable with the one used in our calculationsr c

5A2s' . Nevertheless, the problem of accounting the lon
range nature of dipolar interactions may require further
tention @37,38#.

III. THE STATIC DIELECTRIC PROPERTIES
OF THE NEMATIC LIQUID CRYSTAL

The static dielectric constant is orientation independen
isotropic liquids, and is thus characterized by a single va
e i . Due to the anisotropic nature of LCs this constant
comes different in the nematic phase with two compone
parallel (e i) and perpendicular (e') to the directorn can be
distinguished. In the case of nonpolar LCs the values oe i
and e' are similar to the isotropic liquid,e i @10#, while for
polar LCs such as 5CBe i and e' differ substantially. The
average dielectric permittivityē is defined as

ē5
e i12e'

3
. ~11!

For 5CB, at the nematic-isotropic transition the change of
average permittivitydeNI5 ē2e i is negative andē decreases
slowly in the nematic phase with decreasing tempera
@10#. According to the molecular theory@20#, the compo-
nents of the dielectric permittivity in an infinite geometry a
given by

e j
22Bje j2D j50, ~12!

where Bj5(Aj112yj )/(11yj ), D j5yj /(11yj ), and j
5(i ,'). Unknown coefficientsyj andAj are functions ofe j
and short-range correlations exist between dipole mom
inside a sphere centered on particlei, of radius R0 large
compared with the molecular sizes and embedded in a
electric continuum of infinite extent having the same diel
tric constant as the medium inside the sphere. The sh
range correlations can be calculated in the framework of
statistical mechanical scheme described above as

t j5K e i
j
• (

mPR0

em
j L , ~13!
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where j 5(i ,'), mÞ i , and ^•••& is defined as in Eq.~5!.
The final expressions forAj andyj now take the form

Aj5
4prm* 2

u
t j ,

yi5
j

V S 12
1

V1/2
arctanV1/2D ,

y'5
1

2V S 211
j

V1/2
arctanV1/2D .

HereV5j21 andj5e i /e' . The set of roots that lead
to reasonable values of thee i ande' can be evaluated itera
tively using the formula

e j
[k11]5

Bj~e j
[k] !

2
1S Bj

2~e j
[k] !

4
1D j~e j

[k] ! D 1/2

, ~14!

wherek is the iteration number. Figure 1 shows the tempe
ture dependence of calculated and experimental data
static dielectric permittivity of 5CB. Reasonable agreem
is observed between the calculated values and experime
results reported in Refs.@8,9# and @33#.

FIG. 1. The temperature dependence of the static dielectric c
stantse j (0) ( j 5i ,') for 5CB. Solid symbols represent points ca

culated using Eq.~14!; e i ~up triangles!, e' ~down triangles!, ē
~diamonds!. Open triangles and squares (e i) and down triangles
with circles (e') are experimental data Refs.@8# and @33#, respec-
tively.
1-4
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IV. DIELECTRIC RELAXATION IN THE NEMATIC
PHASE AND ORIENTATIONAL CORRELATION TIMES

The complex dielectric permittivity tensore ik(v)
5Ree ik(v)2 i Im e ik(v) for 5CB has been measured in th
a wide frequency range and shown Debye-type relaxatio
frequencies~1 kHz <v/(2p)<13 MHz! @39#. For uniaxial
nematic liquid crystal~NLC!, in the laboratory coordinate
systemXYZ, where theZ axis coincides with the directorn,
there are only two independent components of the ten
e ik(v); one perpendiculare'(v)5eXX(v)5eYY(v), and
the other parallele i(v)5eZZ(v) to the directorn. One can
write the components of the normalized complex permittiv
tensor in the form@40#

e j~v!21

e j21
512 ivE

0

`

Cj~ t !exp~2 ivt !dt, ~15!

whereCj (t) are the components of the tensor dipole au
correlation function, and may be represented by

Ci~ t !5^eZ~0!eZ~ t !&5F00
1 ~ t !, ~16!

C'~ t !5^eX~0!eX~ t !&5^eY~0!eY~ t !&5F10
1 ~ t !, ~17!

where F i0
1 (t) ( i 50,1) are first-rank time correlation func

tions, ea are the projections of the unit vectore along the
dipole moment onto the laboratory axisa (a5X,Y,Z).

Using Eqs.~16! and ~17! with functions@41#

F00
1 ~ t !5F00

1 ~0!expS 2
t

t00
1 D 5

112P̄2

3
expS 2

t

t00
1 D ,

~18!

and

F10
1 ~ t !5F10

1 ~0!expS 2
t

t10
1 D 5

12 P̄2

3
expS 2

t

t10
1 D ,

~19!

we may derive the expressions for the components of
permittivity tensore ik(v) as

e i~v!21

e i21
512F00

1 ~0!
ivt00

1

11 ivt00
1

, ~20!

and

e'~v!21

e'21
512F10

1 ~0!
ivt10

1

11 ivt10
1

. ~21!

Different spectroscopic methods provide time correlat
functions ~TCFs! Fmn

L (t) with different rank values ofL.
First-rank (L51) TCFs are relevant for infrared and diele
tric spectroscopies, while TCFs withL52 appear in the ex-
pressions for nuclear spin relaxation rates and Raman b
shapes. Based on the short time expansion of the TCFs
expression for the correlation times was proposed
03170
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5cmn
L D'1n2~D i2D'!, ~22!

where the coefficientscmn
L , that depend onP̄2 and P̄4, are

tabulated in Refs.@42,43#. We note that thet00
1 and t10

1 are
solely determined by the tumbling motion of the molecule

t00
1 5FD'

222P̄2

112P̄2
G21

, ~23!

t10
1 5FD'

21 P̄2

12 P̄2
G21

. ~24!

Recently, the time correlation functionst i0
1 ( i 50,1) for 5CB

at one temperature~300 K! have been calculated@44#. It was
done using dynamical parameters obtained from the M
simulation, based on realistic atom-atom interaction pot
tial. Here we extend, in the framework of the NMR rela
ation theory, our study of 5CB over a wider temperatu
range. The details in the data analysis using the decoup
model for the correlated internal motions can be found
Ref. @14#. The rotational diffusion model@21,45,46# is em-
ployed to describe small step rotational diffusions of m
ecules in a potential of mean torque. Using the additive
tential method@14#, the observed quadrupolar splittings we
modeled to give the potential of mean torque experienced
each molecule. Because of correlated internal bond rotat
in the flexible pentyl chain, a decoupled model@14,22# was
used to give the spectral densities of methylene deuteron
Ci in 5CB:

Jm
( i )~mv!5

3p2

2
~qCD

( i ) !2(
n

(
n8

(
k51

81 S (
l 51

81

dn0
2 ~uM ,Q

( i ) l !

3exp@2 incM ,Q
( i ) l #xl

(1)xl
(k)D

3F (
l 851

81

dn8,0
2

~uM ,Q
( i ) l 8 !exp@2 in8cM ,Q

( i ) l 8#xl 8
(1)xl 8

(k)G
3(

j

~bmnn8
2

! j@~amnn8
2

! j1ulku#

m2w21@~amnn8
2 t ! j1ulku#2

~25!

whereqCD
( i ) 5165 kHz is the quadrupolar coupling constan

uM ,Q
( i ) l andcM ,Q

( i ) l are the polar angles for theCi-D bond of the
conformerl in the frame fixed on the molecular core,lk and
x(k) are the eigenvalues and eigenvectors from diagonaliz
the transition rate matrix, and (amnn8

2 ) j /D' , the decay con-
stants, and (bmnn8

2 ) j , the relative weights of the exponentia
in the time correlation functions, are the eigenvalues a
eigenvectors from diagonalizing the matrix of the rotation
diffusion operator@46#. In the above equation, the number 8
is the number of distinct conformers available to the pen
chain of 5CB. The transition rate matrix contains three p
nomenological jump constantsk1 , k2, and k3 for the so-
1-5
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TABLE I. The rotational diffusion coefficientsD j ( j 5i ,') and the orientational time correlationst i0
1

( i 50,1) calculated using Eqs.~23! and ~24! with P̄250.51 for 5CB molecules in the nematic phase at 3
K. The last two columns are obtained from the MD simulation@44#.

D i (31028) ~s! D' (31028) ~s! t00
1 ~ns! t10

1 ~ns! t00
1 ~ns! t10

1 ~ns!

12.4 5.32 38.6 3.66 28.9 2.83
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ly,
called one-bond, two-bond, and three-bond motions, res
tively. The rotation diffusion tensor is characterized by tw
principal valuesD' andD i in the molecular frame, and thes
appear in Eq.~25! through the decay constants (amnn8

2 ) j . By
modeling the observed spectral densities for carbons 1–
two different Larmor frequencies and several temperatu
both the rotational diffusion constantsD j ( j 5i ,') can be
expressed in an Arrhenius form asD j5D j

0 exp2Ej /RT,
where D i

053.2531016 s21, Ei54.263104 J/mol, D'
0

51.6331014 s21, E'53.7253104 J/mol, andR is the gas
constant. For completeness we reproduceD i and D' , and
tabulate the calculatedt00

1 andt10
1 values at temperature 30

K ( P̄250.51 from NMR! in Table I. Note that the last two
columns are values that have been obtained from the
simulation, withP̄250.504 andD'51.43108 s21 @44#.

Having obtained time correlation functionst i0
1 ( i 50,1), it

is possible to calculate the complex dielectric permittiv
coefficientse j (v) ( j 5i ,') using Eqs.~20! and ~21!. The
results of the calculations of the longitudinal and transve
dielectric permittivities Ree j (v) and absorption Ime j (v)
for 5CB molecules atT5300 K, both for time correlation
functions obtained in the framework NMR relaxation theo
and by MD simulation@44# are shown in Fig. 2. It should b
pointed out that our values of the static permittivity coef
cients were calculated using the statistical-mechanical the
that takes into account translational and orientational co
lations between dipoles as well as their coupling, wherea
the case of MD simulation the same coefficients have b
calculated in the framework of the mean-field theory. T
leads to different values for Ree j (v), whereas their dielec
tric loss values for the nematic phase of 5CB correspond
maximum at the frequency ofn5v/(2p);6 MHz, which is
very close to the experimental data measured at the a
spheric pressure@39#.

V. FORMULAS FOR THE FRANK ELASTIC CONSTANTS

In an ideal NLC, the molecules are oriented on the av
age along the directorn @10#. However, the presence of the
mal fluctuations or confining surfaces impairs this ideal c
figuration. Distortion of the orientational order occurs a
varies from point to point. The distortion of the director fie
n(q) can be determined by minimizing the functional of t
free energy that takes the form

F5E dV fF1E dS~ f 131 f 241 f s!, ~26!

where
03170
c-

at
s,

D

e

ry
e-
in
n

s

a

o-

r-

-

f F5
1

2
@K1~“n!21K2~n“3n!21K3~n3“3n!2#,

~27!

and f 135k13k•n(“•n), f 2452(K21k24)k•@n“•n
1n3(“3n)#, and f s is the anchoring energy at the inte
face. Herek13 andk24 are surfacelike bulk elastic terms an
k13 can vanish on symmetry grounds@47#, and k is a unit
vector normal to the surfaceS confining the NLC. The first
term in Eq. ~26! describes the energy associated with t
three basic types of deformation with the bulk Frank E
K1 , K2 , K3, for splay, twist, and bend@26,27# distortions,
respectively. Over the years, quite a few microscopic theo
for the bulk ECsKi ( i 51,2,3) have been developed@23–
28#. Recently, calculations of the ratioKi /K̄, both for the
usual GB fluid and for the dipolar GB fluid, have been c
ried out on a simple-cubic system, and for a range of te
peratures and densities corresponding to the nematic p
@5#. On the other hand, it is difficult to measure experime
tally the absolute values of these coefficients. However
has been shown@11,12# that the experimental results fo

FIG. 2. The real and imaginary parts of the longitudinal a
transverse dielectric permittivitye j (v)5 Ree j (v)2 i Im e j (v) ( j
5i ,') calculated using Eqs.~20! and ~21! at T5300 K, where
v/2p is in Hz; solid and dotted lines in~a! are longitudinal and
transverse components of Ree j (v), obtained for thet i0

1 ( i 50,1)
determined in the framework NMR relaxation theory, respective
whereas dashed and dash-dotted lines obtained for thet i0

1 ( i
50,1) determined due to MD simulation@44#. The same lines in~b!
are for Ime j (v).
1-6
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DIELECTRIC AND ELASTIC PROPERTIES OF LIQUID . . . PHYSICAL REVIEW E64 031701
splay and twist Frank elastic constants have a weak temp
ture dependence, whereas the bend elastic constant ra
increases with temperature. In this paper we present an
vestigation of elasticity phenomena in a nematic LC form
by 5CB molecules, using a combination of existing statisti
mechanical approaches proposed in Refs.@5,25,28#. In the
framework of these approaches the bulk elastic constants
connecting with structural quantities such as the orientatio
distribution and direct correlation functions as

K1

K̄
511l~529z!, ~28!

K2

K̄
512l~113z!, ~29!

K3

K̄
5124l~123z!, ~30!

wherez5(cos4 b2cos6 b)/(cos2 b2cos4 b), and l5h/@2(3
2h)# is a geometric factor of the molecule withh5(g2

21)/(g211). In the density-functional approach@25,28# the
quantity K̄ is given as

K̄5
1

3
~K11K21K3!5BP̄2

2u
10P̄2224P̄4114

105

32h

6h
,

~31!

whereB is a factor that has the dimension of force and m
be written as@5,25,28#

B53pr2h3M4b2
11 1

14 h2

12h2 F e0

s'
G . ~32!

Here b54prh2M2@11(3/14)h2#/@3(12h2)# is a dimen-
sionless factor andM2L (L51,2) can be expressed in term
of the DCFC( i j ) as

M2L52E E C~qi ,ei ,qj ,ej !uqi2qj uLdqideidqjdej .

~33!

Here qi denote the coordinate of thei th molecule in the
volumev. The averaged functions cosn b̄ are

cos2 b5
2P̄211

3
,

cos4 b5
20P̄218P̄417

35
,

cos6 b5
110P̄2172P̄4116P̄6133

231
.

Thus, according to Eqs.~28!–~30! we can calculate the
absolute values ofKi ( i 51,2,3) provided thatP̄2L (L
03170
ra-
dly
in-
d
l

re
al

y

51,2,3) andC( i j ) are known. While the order paramete
for various LCs are usually found easily, an accurate de
mination of the DCF for a nematic state is still a formidab
task.

Using classical Percus-Yevick closure approximation a
the binary correlation functionFi j ( i j ) obtained in the frame-
work of the statistical mechanical scheme described in S
II, we may determine the DCF in the form@48#

C~ i j !5Fi j ~ i j !@12V21~ i j !#, ~34!

whereV( i j ) has been defined above by the pair intermole
lar potential. Having obtained the DCFC( i j ) and the set of
P̄2L (L51,2,3) it is possible to calculate ECsKi . Figure 3
shows the temperature dependence of theKi using this ap-
proach. Three different approximations have been combi
for the calculation of the ECs:~i! the nonlinear IEs theory
that requires access to the set of order parameters and
binary correlation function,~ii ! the classical Percus-Yevic
approximation for the DCF, and~iii ! Nemtsov and Zakharov
density-functional approach that implies that higher order
rameters~i.e., P̄6) and higher moments~i.e.,M4) of the DCF
are used. Taking into account these approximations as
as the fact that the Percus-Yevick closure works well mos
for short-range intermolecular potentials and the difficu
with measuring the absolute values of these coefficients,
qualitative agreement between our calculations and the
perimental values~Fig. 3! obtained using the Fredericks
transition method@11,12# is heartening. It should be note
that the direct measure of the absolute values of the ECs
difficult task and in practice the ratiosK3 /K1 andK2 /K1 can
be directly measured with greatest accuracy by means of

FIG. 3. The temperature dependence of the Frank elastic c
ficientsKi ( i 51,2,3) for 5CB. Solid symbols represent points ca
culated using Eqs.~28!, ~29!, and~30!; circles (K3), squares (K1),
and triangles (K2), respectively. Open circle (K3), square (K1), and
triangle (K2) are experimental data~Ref. @11#!, respectively.
1-7
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example, the light scattering@10#. Calculated and measure
ratios at 300 K are tabulated in Table II.

VI. CONCLUSION

In this paper, we present an investigation of the structu
dielectric, and elastic phenomena as well as dynamics
nematic liquid crystals, formed by 4-n-pentyl-
4-n8-cyanobiphenyl, using a combination of existing stat
tical mechanical theory based upon the method of con
tional distribution function and NMR relaxation theory. I
order to elucidate the role of the intermolecular dipole-dip
correlations in calculating the structural, static and ela
coefficients we used the method of nonlinear integral eq
tions, in which translational, orientational, and mixed cor
lations were taken into account. Using the dipolar GB pot
tial and molecular model that allowed us to express the st
dielectric permittivity constants in terms of dipolar correl
tors @20#, the dielectric constants were calculated and co
pared with results obtained experimentally@8,9,33#; a good
agreement between theory and experiment was found.
culations of the dielectric relaxation coefficients and orien
tional correlation times at temperatures and density co
sponding to the nematic phase of 5CB also show g
agreement with the MD simulation@44# and experimenta
data @39#. We have also determined the absolute values
splay (K1), twist (K2), and bend (K3) elastic constants, an

TABLE II. Ratio of the Frank elastic coefficientsK3 /K1 ,
K2 /K1 for 5CB at 300 K calculated using the nonlinear IEs meth
and using experimental data~EXP! @11#.

IE (m* 50) IE (m* '2.5) EXP

K3 /K1 4.258 4.264 1.31
K2 /K1 0.694 0.695 0.505
.

R

s
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their ratiosK3 /K1 andK2 /K1 in the nematic phase of 5CB
Statistical-mechanical approach used for calculations of
elastic coefficients rest on the model in which theKi ( i
51,2,3) depend on the direct correlation function and se
order parameters. The method also takes into account
the intermolecular attraction and steric repulsion, but is
able to describe the effect due to flexibility of the molecule
Since the structure of the mesogenic cyanobiphenyl m
ecules is characterized by a rigid central core to which
attached one~or more! flexible hydrocarbon chain, the ability
to account for the chain flexibility in the final expressions f
the elastic coefficients is an important step towards th
most general expressions. Of course, the present GB m
of the intermolecular interactions is unable to account for
flexibility in real mesogenic compounds. On the other ha
this limitation is counterbalanced by the simplicity of th
present approach, which can be used to calculate m
physical parameters of nematic liquid crystals. It is not
that the long-range nature of the dipolar GB potential
quires further investigations, including perhaps better
merical approaches. Thus, the combination of the NMR
laxation techniques and statistical mechanics theo
provides a powerful tool for investigating both the dielect
and elastic properties of real nematics. We believe that
paper not only shows some useful routes for estimating
elasticity, but also for analyzing the dielectric properties
nematic liquid crystals. Furthermore, the rotational diffusi
constant for molecular tumblings in the decoupled model
the chain dynamics seems to produce reasonable value
dielectric loss in the nematic phase of 5CB, lending supp
to the NMR relaxation model.
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